Let r, n be positive integers. In this paper, we prove a generating function and an asymptotic formula for the number solutions of the following infinite Diophantine equation: n = 1 r · k 2 1 + 2 r · k 2 2 + 3 r · k 2 3 + . . . , for k = (k 1 , k 2 , k 3 , . . . ) ∈ Z ∞ .
Introduction and statement of results
Let r, n be a positive integer. A partition into r-th powers of an integer n is a sequence of non-increasing r-th powers of positive integers whose sum equals n. Such a partition correspond to a solution of the following infinite Diophantine equation: n = 1 r · k 1 + 2 r · k 2 + 3 r · k 3 + . . . , (1.1) for k = (k 1 , k 2 , k 3 , . . . ) ∈ Z ∞ ≥0 . Let p r (n) be the number of partitions of n into r-th powers and let p r (0) := 1, we have the generating function n≥0 p r (n)q n = n≥1 1 1 − q n , where q ∈ C with |q| < 1.
In the famous paper [1] , Hardy and Ramanujan proved an asymptotic expansion for p 1 (n) as n → ∞. They [1, p. 111 ] also gave an asymptotic formula for p r (n), r ≥ 2, without proof. In [2, Theorem 2], Wright confirmed their asymptotic formula that
and ζ(·) is the Riemann zeta-function.
We note that some new asymptotic expansions for p r (n) have recently established in Vaughan [3] and Gafni [4] by using Hardy-Littlewood circle method, and in Tenenbaum et al. [5] by using saddle-point method. For more related results on partitions into powers of positive integers, see Berndt et al. [6] , and Dunn and Robles [7] , for example.
In this paper we investigate certain infinite Diophantine equation analog (1.1). For a given positive integer n, we denoting by s r (n) the number of solutions of the following infinite Diophantine equation:
The first result of this paper is about the generating function for s r (n). 1 − (−1) n q nj r 1 + (−1) n q nj r .
By using saddle-point method, we prove the following asymptotic formulas for s r (n).
Theorem 1.2. For any given positive integers r and p, we have
as integer n → +∞. Here κ r > 0 is given by 2 Some results of the generating function
The proof of Proposition 1.1
We shall proceed in a formal manner to prove Proposition 1.1. Formally, using (1.2) we have
Thus by using an identity of Gauss(see Andrews [9, Corollary 2.10]),
we find that
we have the product for G r (q) is absolute convergence. This completes the proof of Proposition 1.1.
Asymptotics of the generating function
To give a proof of Theorem 1.2, we need the following Proposition 2.1 and Lemma 2.2.
holds for any given p > 0. Here κ r > 0 such that κ 1+1/r
Proof. The series for the Riemann zeta function ζ(s) = n≥1 n −s and the Dirichlet eta function η(s) = n≥1 (−1) n−1 n −s are converge absolutely and uniformly for s ∈ C such that ℜ(s) ≥ c > 1. Therefore, by using Mellin's transform we find that, Proof. By using Proposition 1.1 with q ∈ C and |q| < 1, we have log G r (q) = n, j≥1 log 1 − (−1) n q nj r 1 + (−1) n q nj r = n, j≥1 ℓ≥1
Further more,
Thus by using the following Lemma 2.3 we find that
holds for all sufficiently small x > 0. This finishes the proof. Proof. The lemma for r = 1 is easy and we shall focus on the cases of r ≥ 2. By using the well-known Dirichlet's approximation theorem we have for any y ∈ R and L > 0 being sufficiently large, there exist integers d and h with 0 < h ≤ L r−1 and gcd(h, d) = 1 such that
(2.
2)
The using of [10, Equation 20 .32] implies that 
holds for all integer h ∈ (L 1/2 , L r−1 ]. Then, by use of (2.3), (2.4) and (2.5) it is easy to get the proof of this lemma.
Proof Of the main theorem
For any given positive sufficiently large integer n, letting x = κ r /n r/(r+1) and by using the orthogonality we have 
Thus by notice that Lemma 2.2 and x = κ r /n r/(r+1) we have 
